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Homological mirror symmetry for singularities
Wolfgang Ebeling∗
Abstract. We give a survey on results related to the Berglund-Hu¨bsch duality of invert-
ible polynomials and the homological mirror symmetry conjecture for singularities.
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1. Introduction
V. I. Arnold observed a strange duality between the 14 exceptional unimodal singu-
larities. When physicists came up with the idea of mirror symmetry, it was found
that Arnold’s strange duality can be considered as part of the mirror symmetry
of K3 surfaces. In his 1994 talk at the International Congress of Mathematicians,
M. Kontsevich [57] proposed an interpretation of the mirror phenomenon in math-
ematical terms which is now commonly known as the homological mirror symme-
try conjecture. It was originally formulated for two mirror symmetric Calabi-Yau
manifolds X and X ′ and states that there is an equivalence between the derived
category of coherent sheaves on X and the derived Fukaya category of X ′ and vice
versa.
Kontsevich also suggested that homological mirror symmetry can be extended
to a more general setting by considering Landau-Ginzburg models. Many aspects
of Landau-Ginzburg models are related to singularity theory. One of the early
constructions of mirror symmetric manifolds was the construction of P. Berglund
and T. Hu¨bsch [5]. They considered a polynomial f of a special form, a so called
invertible one, and its Berglund-Hu¨bsch transpose f˜ : see Sect. 3. These polynomials
can be considered as potentials of Landau-Ginzburg models. This construction can
also be generalized to an orbifold setting. One can formulate different versions of
the homological mirror symmetry conjecture for Berglund-Hu¨bsch pairs. It turned
out that Arnold’s strange duality is also part of this duality and features of Arnold’s
strange duality appeared as features of homological mirror symmetry. We review
results related to these conjectures.
We briefly outline the contents of this survey. We start by discussing Arnold’s
strange duality. In Sect. 3, we review the notion of an invertible polynomial and
the Berglund-Hu¨bsch construction. In Sect. 4, we state the homological mirror
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symmetry conjectures for invertible polynomials. In Sect. 5, we give a survey on the
evidence for these conjectures. More precisely, we give a generalization of Arnold’s
strange duality. In Sect. 6, we show that the mirror symmetry for Berglund-
Hu¨bsch dual pairs also holds on the level of suitably defined Hodge numbers. For
this purpose we discuss the notion of an orbifold E-function of a polynomial with
an isolated singularity at the origin and we consider these functions for dual pairs.
Another feature of Arnold’s strange duality was discovered by K. Saito and is
known as Saito duality. We discuss how this duality generalizes to the Berglund-
Hu¨bsch duality. In Sect. 8, we compile the more detailed information one has about
specific classes of singularities, like the simple, unimodal and bimodal singularities.
Finally, we derive in Sect. 9 the extension of Arnold’s strange duality involving
complete intersection singularities [38] from the Berglund-Hu¨bsch construction.
2. Arnold’s strange duality
According to Arnold’s classification of singularities [1], there are 14 exceptional
unimodal singularities. Setting the modulus equal to zero, they can be given by
equations f(x, y, z) = 0 where the polynomial f is given in Table 1. We use the
name of Arnold for the corresponding singularity.
We associate Dolgachev and Gabrielov numbers to these singularities as follows.
Consider the quotient stack
Cf :=
[
f−1(0)\{0} /C∗ ] .
This is a Deligne-Mumford stack and can be regarded as a smooth projective line
P1 with three isotropic points of orders α1, α2, α3. The numbers (α1, α2, α3) are
called the Dolgachev numbers of f [11, 12].
The manifold Vf := f
−1(1) is called the Milnor fibre of f . Since f has an
isolated singularity at the origin, the only interesting homology group is H2(Vf ,Z).
We denote by 〈 , 〉 the intersection form onH2(Vf ,Z) and byH = (H2(Vf ,Z), 〈 , 〉)
the Milnor lattice. A. M. Gabrielov [43] has shown that there exists a weakly
distinguished basis of vanishing cycles of H with a Coxeter-Dynkin diagram of the
form of Fig. 1. The author [16] (see also [19]) has shown that one can even find a
distinguished basis
(δ1, δ
1
1 , . . . δ
1
γ1−1, δ
2
1 , . . . , δ
2
γ2−1, δ
3
1 , . . . , δ
3
γ3−1, δ2, δ3)
with this Coxeter-Dynkin diagram. (For the notions of a distinguished and weakly
distinguished basis of vanishing cycles see e.g. [23]). The numbers γ1, γ2, γ3 are
called the Gabrielov numbers of the singularity. Here each vertex represents a
sphere of self-intersection number −2, two vertices connected by a single solid
edge have intersection number 1, two vertices connected by a double broken line
have intersection number −2 and vertices which are not connected have intersection
number 0.
Arnold [1] has now observed: There exists an involution X 7→ X∨ (indicated
in Table 1) on the set of the 14 exceptional unimodal singularities, such that the
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Figure 1. The graph Sγ1,γ2,γ3
Dolgachev numbers of X are the Gabrielov numbers of X∨ and the Gabrielov
numbers of X are the Dolgachev numbers of X∨. This is called Arnold’s strange
duality.
Consider f as a function f : (C3, 0)→ (C, 0). A characteristic homeomorphism
of the Milnor fibration of f induces an automorphism c : H2(Vf ,Z) → H2(Vf ,Z)
called the (classical) monodromy operator of f . It is the Coxeter element corre-
sponding to a distinguished basis {δ1, . . . , δµ} of vanishing cycles of f . By this we
mean the following: Each vanishing cycle δi defines a reflection
sδi : H2(Vf ,Z) → H2(Vf ,Z)
x 7→ sδi(x) := x− 2〈x,δi〉〈δi,δi〉 δi
Then
c = sδ1 ◦ sδ2 ◦ · · · ◦ sδµ .
It is a well known theorem (see e.g. [6]) that the eigenvalues of c are roots of unity.
This means that the characteristic polynomial φ(λ) = det(λI − c) of c is a monic
polynomial the roots of which are roots of unity. Moreover, since f is weighted
homogeneous, the operator c has finite order h. Such a polynomial can be written
in the form
φ(λ) =
∏
m|h
(λm − 1)χm for χm ∈ Z.
K. Saito [65, 66] defines a dual polynomial φ∨(λ) to φ(λ):
φ∨(λ) =
∏
k|h
(λk − 1)−χh/k .
He obtains the following result.
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Name f α1, α2, α3 γ1, γ2, γ3 Dual
E12 x
2 + y3 + z7 2, 3, 7 2, 3, 7 E12
E13 x
2 + y3 + yz5 2, 4, 5 2, 3, 8 Z11
E14 x
3 + y2 + yz4 3, 3, 4 2, 3, 9 Q10
Z11 x
2 + zy3 + z5 2, 3, 8 2, 4, 5 E13
Z12 x
2 + zy3 + yz4 2, 4, 6 2, 4, 6 Z12
Z13 x
2 + xy3 + yz3 3, 3, 5 2, 4, 7 Q11
Q10 x
3 + zy2 + z4 2, 3, 9 3, 3, 4 E14
Q11 x
2y + y3z + z3 2, 4, 7 3, 3, 5 Z13
Q12 x
3 + zy2 + yz3 3, 3, 6 3, 3, 6 Q12
W12 x
5 + y2 + yz2 2, 5, 5 2, 5, 5 W12
W13 x
2 + xy2 + yz4 3, 4, 4 2, 5, 6 S11
S11 x
2y + y2z + z4 2, 5, 6 3, 4, 4 W13
S12 x
3y + y2z + z2x 3, 4, 5 3, 4, 5 S12
U12 x
4 + zy2 + yz2 4, 4, 4 4, 4, 4 U12
Table 1. Arnold’s strange duality
Theorem 2.1 (Saito). If φ(λ) is the characteristic polynomial of the monodromy of
an exceptional unimodal singularity X, then φ∨(λ) is the corresponding polynomial
of the dual singularity X∨.
The author and C.T.C. Wall [38] discovered an extension of Arnold’s strange
duality embracing on one hand series of bimodal singularities and on the other,
isolated complete intersection singularities (ICIS) in C4. The duals of the complete
intersection singularities are not themselves singularities, but are virtual (k = −1)
cases of series (e.g.W1,k : k ≥ 0) of bimodal singularities. They associated to these
Dolgachev and Gabrielov numbers and showed that all the features of Arnold’s
strange duality continue to hold. Moreover, in [20] the author showed that also
Saito’s duality holds for this duality. We come back to this extension in Sect. 9.
3. Invertible polynomials
We recall some general definitions about invertible polynomials.
Let f(x1, . . . , xn) be a weighted homogeneous polynomial, namely, a polynomial
with the property that there are positive integers w1, . . . , wn and d such that
f(λw1x1, . . . , λ
wnxn) = λ
df(x1, . . . , xn) for λ ∈ C∗. We call (w1, . . . , wn; d) a
system of weights.
Definition 3.1. A weighted homogeneous polynomial f(x1, . . . , xn) is called in-
vertible if the following conditions are satisfied:
(1) the number of variables (= n) coincides with the number of monomials in
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the polynomial f(x1, . . . xn), namely,
f(x1, . . . , xn) =
n∑
i=1
ai
n∏
j=1
x
Eij
j
for some coefficients ai ∈ C∗ and non-negative integers Eij for i, j = 1, . . . , n,
(2) the system of weights (w1, . . . , wn; d) of f is uniquely determined by the
polynomial f(x1, . . . , xn) up to a constant factor gcd(w1, . . . , wn; d), namely,
the matrix E := (Eij) is invertible over Q.
An invertible polynomial is called non-degenerate, if it has an isolated singularity
at the origin.
Without loss of generality we shall assume that detE > 0.
An invertible polynomial has a canonical system of weightsWf = (w1, . . . , wn; d)
given by the unique solution of the equation
E


w1
...
wn

 = det(E)


1
...
1

 , d := det(E).
This system of weights is in general non-reduced, i.e. in general
cf := gcd(w1, . . . , wn, d) > 1.
Definition 3.2. Let h(x1, . . . , xn) be any polynomial. Let Gh be the (finite) group
of diagonal symmetries of h, i.e.
Gh := {(λ1, . . . , λn)) ∈ (C∗)n |h(λ1x1, . . . , λnxn) = h(x1, . . . , xn)} .
Definition 3.3. Let f(x1, . . . , xn) =
∑n
i=1 ai
∏n
j=1 x
Eij
j be an invertible polyno-
mial. Consider the free abelian group ⊕ni=1Z~xi ⊕ Z~f generated by the symbols ~xi
for the variables xi for i = 1, . . . , n and the symbol ~f for the polynomial f . The
maximal grading Lf of the invertible polynomial f is the abelian group defined by
the quotient
Lf :=
n⊕
i=1
Z~xi ⊕ Z~f /If ,
where If is the subgroup generated by the elements
~f −
n∑
j=1
Eij ~xj , i = 1, . . . , n.
Definition 3.4. Let f(x1, . . . , xn) be an invertible polynomial and Lf be the
maximal grading of f . The maximal abelian symmetry group Ĝf of f is the abelian
group defined by
Ĝf := Spec(CLf),
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where CLf denotes the group ring of Lf . Equivalently,
Ĝf =

(λ1, . . . , λn) ∈ (C∗)n
∣∣∣∣∣∣
n∏
j=1
λ
E1j
j = · · · =
n∏
j=1
λ
Enj
j

 .
We have
Gf =

(λ1, . . . , λn) ∈ Ĝf
∣∣∣∣∣∣
n∏
j=1
λ
E1j
j = · · · =
n∏
j=1
λ
Enj
j = 1

 .
Let f(x1, . . . , xn) be an invertible polynomial and Wf = (w1, . . . , wn; d) be the
canonical system of weights associated to f . Set
qi :=
wi
d
, i = 1, . . . , n.
Note that Gf always contains the exponential grading operator
g0 := (e[q1], . . . , e[qn]),
where we use the notation e[−] := exp(2π√−1 ·−). Let G0 be the subgroup of Gf
generated by g0. One has (cf. [34])
[Gf : G0] = cf .
Definition 3.5. Let f(x1, . . . , xn) be a weighted homogeneous polynomial with
reduced system of weights W = (w1, . . . , wn; d). The integer
af := d−
n∑
i=1
wi
is called the Gorenstein parameter of f . It is also usual to denote ǫf := −af the
Gorenstein parameter of f , see e.g. [66].
Let f(x1, . . . , xn) =
∑n
i=1 ai
∏n
j=1 x
Eij
j be an invertible polynomial.
Definition 3.6 (Berglund, Hu¨bsch). Following [5], the Berglund-Hu¨bsch transpose
of f˜(x1, . . . , xn) of f is defined by
f˜(x1, . . . , xn) =
n∑
i=1
ai
n∏
j=1
x
Eji
j .
Definition 3.7 (Berglund, Henningson). By [4], for a subgroup G ⊂ Gf its dual
group G˜ is defined by
G˜ := Hom(Gf/G,C
∗).
One has the following easy facts:
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• G˜f = {e}
• H ⊂ G⇒ G˜ ⊂ H˜
• ˜˜H = H
Note that Hom(Gf/G,C
∗) is isomorphic to G
f˜
, see [4]. By [58] (see also [27,
Lemma 1]), we have
G˜0 = SLn(Z) ∩Gf˜ .
Moreover, by [34, Proposition 3.1], we have |G˜0| = cf .
For a subgroup G ⊂ Gf , let Ĝ be the subgroup of Ĝf defined by the following
commutative diagram of short exact sequences
{1} // G // _

Ĝ // _

C∗ // {1}
{1} // Gf // Ĝf // C∗ // {1}
.
4. Homological mirror symmetry
There are several versions of the homological mirror symmetry conjecture for sin-
gularities.
Let f(x, y, z) be a polynomial which has an isolated singularity at the origin.
A distinguished basis of vanishing cycles in the Milnor fiber of f can be categori-
fied to an A∞-category Fuk
→(f) called the directed Fukaya category. Any two
distinguished bases of vanishing cycles are connected by a sequence of Gabrielov
transformations [42]. The set of objects of Fuk→(f) is a distinguished basis of (La-
grangian) vanishing cycles and the spaces of morphisms are Lagrangian intersec-
tion Floer complexes. It can be shown that Gabrielov transformations correspond
to mutations of the category ([68], see also e.g. [53]). Since different choices of
distinguished bases are related by mutations, the derived category DbFuk→(f) is
independent of this choice and is therefore, as a triangulated category, an invariant
of the polynomial f . Note that the triangulated category DbFuk→(f) has a full
exceptional collection.
On the other hand, let f(x, y, z) be a weighted homogeneous polynomial. Then
one can consider as an analogue of the bounded derived category of coherent
sheaves on a smooth proper algebraic variety the following triangulated category.
Denote by S the polynomial ring C[x, y, z]. Let Rf := S/(f) be the coordinate
ring and Lf the maximal grading of f . D. Orlov [63] considered the triangulated
category of a maximally-graded singularity D
Lf
Sg (Rf ) (introduced before by R.-
O. Buchweitz [7]) defined as the quotient of the bounded derived category of the
category of finitely generated Lf -graded Rf -modules by the full triangulated sub-
category corresponding to finitely generated projective Lf -graded Rf -modules. It
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Figure 2. The quiver ~Tp,q,r
is equivalent to the stable category of Lf -graded maximal Cohen-Macaulay mod-
ules over Rf and to the stable homotopy category HMF
Lf
S (f) of Lf -graded matrix
factorizations of f (see also [67]).
Moreover, one can consider the quotient stack Cf =
[
f−1(0)\{0}
/
Ĝf
]
as in
Sect. 2. This is a smooth projective line P1 with at most three isotropic points of
orders p, q, r [33, Theorem 3]. It corresponds to a weighted projective line P1p,q,r
with weights p, q, r [44]. Let ~Tp,q,r be the quiver of Fig. 2 where the double dashed
line corresponds to two relations as follows. Let β1, β2 and β3 be the path from δ1 to
δ2 via δ
1
p−1, δ
2
q−1 and δ
3
r−1 respectively. Then we consider the relations β2+β3 = 0
and β1 = β3. They generate an ideal I in the path algebra C~Tp,q,r of the quiver.
We consider the category mod-C~Tp,q,r/I of finitely generated right modules over
the factor algebra C~Tp,q,r/I and its bounded derived category D
b(mod-C~Tp,q,r/I).
Let Dbcoh(P1p,q,r) be the bounded derived category of the category of coherent
sheaves on P1p,q,r. W. Geigle and H. Lenzing ([44], for the special form of the quiver
see also [60, 3.9]) proved the following theorem:
Theorem 4.1 (Geigle,Lenzing). There exists a triangulated equivalence
Dbcoh(P1p,q,r) ≃ Db(mod-C~Tp,q,r/I).
One has the following Lf -graded generalization of Orlov’s semi-orthogonal de-
composition theorem [63, Theorem 2.5] (see also [79]):
Theorem 4.2 (Orlov). (1) If af < 0, one has the semi-orthogonal decomposi-
tion
Dbcoh(P1p,q,r) ≃ 〈DLfSg (Rf ),A(0), . . . ,A(−af − 1)〉,
where A(i) := 〈OP1p,q,r (~l)〉deg(~l)=i.
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(2) If af = 0, D
bcoh(P1p,q,r) ≃ DLfSg (Rf ).
(3) If af > 0, one has the semi-orthogonal decomposition
D
Lf
Sg (Rf ) ≃ 〈Dbcoh(P1p,q,r),K(0), . . . ,K(af − 1)〉,
where K(i) := 〈(Rf/mf)(~l)〉deg(~l)=i and mf is the maximal ideal in Rf .
On the other hand, consider a polynomial
xp + yq + zr + axyz, for some a ∈ C, a 6= 0.
This is called a polynomial of type Tp,q,r. For a triple (a, b, c) of positive integers
we define
∆(a, b, c) := abc− bc− ac− ab.
If ∆(p, q, r) > 0 then this polynomial has a cusp singularity at the origin. If
∆(p, q, r) = 0 and a is general, then this polynomial has a simple elliptic singularity
at the origin. If ∆(p, q, r) < 0 then there are other singularities outside the origin
and we consider this polynomial as a global polynomial. A distinguished basis of
vanishing cycles of such a polynomial (in the case ∆(p, q, r) < 0 taking the other
singularities into account as well) is given by
(δ1, δ
1
1 , . . . δ
1
p−1, δ
2
1 , . . . , δ
2
q−1, δ
3
1 , . . . , δ
3
r−1, δ2)
with a Coxeter-Dynkin diagram corresponding to the undirected graph Tp,q,r un-
derlying the quiver in Fig. 2.
It is known that the Berglund–Hu¨bsch duality for some polynomials with nice
properties gives the systematic construction of mirror pairs of Calabi–Yau man-
ifolds and induces the homological mirror symmetry. Therefore, we may expect
that the homological mirror symmetry can also be categorified to the following:
Conjecture 4.3 (Takahashi [80, 79]). Let f(x, y, z) be an invertible polynomial.
(1) There should exist a triangulated equivalence
D
Lf
Sg (Rf ) ≃ DbFuk→(f˜). (1)
(2) There should exist a triangulated equivalence
Dbcoh(P1p,q,r) ≃ DbFuk→(Tp,q,r). (2)
(3) These triangulated equivalences should be compatible in the following sense:
There should exist a diagram
D
Lf
Sg (Rf )
∼ //
OO

DbFuk→(f˜)
OO

Dbcoh(P1p,q,r)
∼ // DbFuk→(Tp,q,r)
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where D
Lf
Sg (Rf ) and D
bcoh(P1p,q,r) are related by Theorem 4.2 and
DbFuk→(f˜) and DbFuk→(Tp,q,r) should also be related by semi-orthogonal
decomposition.
A proof of the first part of this conjecture for the simple (ADE) singularities
can be derived from a theorem of H. Kajiura, K. Saito and A. Takahashi [48,
Theorem 3.1] and results of P. Seidel [69, Proposition 3.4], [71] (see also [70]).
Moreover, it was proved by K. Ueda [83] for simple elliptic singularities. The first
part of this conjecture can also be stated for invertible polynomials in any number
of variables. In this form, it was proved by M. Futaki and K.Ueda for Brieskorn-
Pham singularities [40] and for singularities of type D [41]. In all these cases,
the polynomial f is self-dual, i.e. f˜ = f . The second part of this conjecture was
proved for the case r = 1 by P. Seidel [69], D. van Straten [78] and D. Auroux,
L. Katzarkov and D. Orlov [3], for the case r = 2 by A. Takahashi [81] and in
general by A. Keating [51].
Now consider an invertible polynomial f(x, y, z) and a finite groupG of diagonal
symmetries of f . We assume that G contains the group G0 generated by the
exponential grading operator g0. The orbifold curve C(f,G) :=
[
f−1(0)\{0}
/
Ĝ
]
is mirror dual to the following data: A function F : U → C, defined on a suitably
chosen submanifold U of C3, given by F (x, y, z) = xγ
′
1+yγ
′
2+zγ
′
3−xyz. The group
G˜ leaves F invariant and we can consider a crepant resolution Y → U/G˜ given by
the G˜-Hilbert scheme and the proper transform X̂ ⊂ Y of X = F−1(0)/G˜ ⊂ U/G˜
(cf. [72]).
Let HMFĜS (f) be the stable homotopy category of Ĝ-graded matrix factoriza-
tions of f . Let DbCohC(f,G) be the derived category of the category of coherent
sheaves on C(f,G).
We arrive at the following generalization of Conjecture 4.3 (cf. [34]):
Conjecture 4.4 (E., Takahashi). There should exist triangulated equivalences
HMFĜS (f)
∼ //
OO

DbFuk→(f˜)//G˜
OO

DbCohC(f,G) ∼ // DbFuk→(F )//G˜
where the two lines are related by semi-orthogonal decompositions, F (x, y, z) =
xγ
′
1 + yγ
′
2 + zγ
′
3 − xyz is right equivalent to f˜(x, y, z)− xyz, and −//G˜ means the
smallest triangulated category containing the orbit category −/G˜ (cf. [2, 8] for orbit
categories; see also [52]).
5. Strange duality
We now give some evidence for the conjectures stated in the last section.
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Let f(x1, . . . , xn) be an invertible polynomial and G ⊂ Gf a subgroup of the
maximal group of symmetries. We shall investigate the correspondence
(f,G)←→ (f˜ , G˜).
First let n = 3, f(x, y, z) be a non-degenerate invertible polynomial such that
f˜(x, y, z) is non-degenerate as well and let G = Gf . Then the correspondence
(f,Gf )←→ (f˜ , {e})
was considered in [33]. We defined Dolgachev numbers for a pair (f,Gf ) and
Gabrielov numbers for a pair (f, {e}) as follows.
The quotient stack
C(f,Gf ) :=
[
f−1(0)\{0}
/
Ĝf
]
is a smooth projective line P1 with at most three isotropic points of orders α1, α2, α3
(see Sect. 4).
Definition 5.1. The numbers (α1, α2, α3) are called the Dolgachev numbers of
the pair (f,Gf ) and the tuple is denoted by A(f,Gf ).
On the other hand, consider the deformation F (x, y, z) := f(x, y, z) − xyz of
f . By [33, Theorem 10], if ∆(γ1, γ2, γ3) > 0 there exists a holomorphic coordinate
change so that this polynomial becomes a polynomial of type Tγ1,γ2,γ3 (for the
definition see Sect. 4). In the cases ∆(γ1, γ2, γ3) = 0 and ∆(γ1, γ2, γ3) < 0 there is
also a relation to a polynomial of type Tγ1,γ2,γ3 , see [33, Theorem 10].
Definition 5.2. The numbers (γ1, γ2, γ3) are called the Gabrielov numbers of the
pair (f, {e}) and the tuple is denoted by Γ(f,{e}).
By [33, Theorem 13] we have the following theorem:
Theorem 5.3 (E., Takahashi). Let f(x, y, z) be a non-degenerate invertible poly-
nomial such that f˜(x, y, z) is non-degenerate as well. Then we have
A(f,Gf ) = Γ(f˜ ,{e}), A(f˜ ,G
f˜
) = Γ(f,{e}).
Namely, the Dolgachev numbers A(f,Gf ) for the pair (f,Gf ) coincide with the
Gabrielov numbers Γ(f˜ ,{e}) for the pair (f˜ , {e}) and the Dolgachev numbers A(f˜ ,G
f˜
)
for the pair (f˜ , G
f˜
) coincide with the Gabrielov numbers Γ(f,{e}) for the pair
(f, {e}).
The 14 exceptional unimodal singularities can be given by non-degenerate in-
vertible polynomials f(x, y, z) with Gf = G0. These are the polynomials indicated
in Table 1. The Dolgachev and Gabrielov numbers coincide with the corresponding
numbers indicated in this table. Therefore we obtain Arnold’s strange duality as
a special case of this theorem. We come back to this duality in Sect. 8.
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More generally, let f(x, y, z) be a non-degenerate invertible polynomial such
that f˜(x, y, z) is non-degenerate as well, but now consider a subgroup G with
G0 ⊂ G ⊂ Gf . Then {e} ⊂ G˜ ⊂ SLn(Z) ∩ Gf˜ . In [34] we defined Dolgachev
numbers for the pair (f,G) with G0 ⊂ G and Gabrielov numbers for a pair (f,G)
with G ⊂ SLn(Z) as follows.
The quotient stack
C(f,G) :=
[
f−1(0)\{0}
/
Ĝ
]
can be regarded as a smooth projective curve of genus g(f,G) with a finite number
of isotropic points.
Definition 5.4. The orders α1, . . . , αr of the isotropy groups of these points are
called the Dolgachev numbers of the pair (f,G) and denoted by A(f,G).
By [34, Theorem 4.6], the Dolgachev numbers of the pair (f,G) can be com-
puted from the Dolgachev numbers of the pair (f,Gf ) as follows. Let A(f,Gf ) =
(α′1, α
′
2, α
′
3) be the Dolgachev numbers of the pair (f,Gf ). For positive integers u
and v, by u ∗ v we denote v copies of the integer u.
Theorem 5.5 (E., Takahashi). Let Hi ⊂ Gf be the minimal subgroup containing
G and the isotropy group of the point pi, i = 1, 2, 3. Then we have the following
formula for the Dolgachev numbers α1, . . . , αr of the pair (f,G):
(α1, . . . , αr) =
(
α′i
|Hi/G| ∗ |Gf/Hi|, i = 1, 2, 3
)
,
where we omit numbers which are equal to one on the right-hand side.
We define the stringy Euler number of the orbifold curve C(f,G) by
est(C(f,G)) := 2− 2g(f,G) +
r∑
i=1
(αi − 1).
Now consider a pair (f,G) with G ⊂ SL3(Z).
Definition 5.6. Let Γ(f,{e}) = (γ
′
1, γ
′
2, γ
′
3) be the Gabrielov numbers of the pair
(f, {e}) and let Ki ⊂ G be the maximal subgroup of G fixing the coordinate
xi, i = 1, 2, 3. Then the Gabrielov numbers of the pair (f,G) are the numbers
γ1, . . . , γs defined by
(γ1, . . . , γs) =
(
γ′i
|G/Ki| ∗ |Ki|, i = 1, 2, 3
)
,
where we omit numbers which are equal to one on the right-hand side. We denote
this tuple of numbers by Γ(f,G).
In [36], we gave a geometric definition of these numbers as lengths of arms
of a certain Coxeter-Dynkin diagram: Let U be a suitably chosen submanifold of
C3. We consider a crepant resolution Y → U/G and the preimage Z of the image
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of the Milnor fibre of the cusp singularity Tγ′
1
,γ′
2
,γ′
3
under the natural projection
U → U/G. Using the McKay correspondence, we constructed a basis of the relative
homology group H3(Y, Z;Q) with a Coxeter-Dynkin diagram where one can read
off the Gabrielov numbers.
Let G be a finite group acting linearly on Cn. For an element g ∈ G, its
age [47] is defined by age (g) :=
∑n
i=1 αi, where in a certain basis in C
n one has
g = diag (e[α1], . . . , e[αn]) with 0 ≤ αi < 1. Now let G ⊂ SLn(Z). Then the age
of an element g ∈ G is an integer. Define
jG := {g ∈ G | age(g) = 1, g only fixes the origin}.
Let F be a polynomial of type Tγ′
1
,γ′
2
,γ′
3
with the Gabrielov numbers (γ′1, γ
′
2, γ
′
3)
for the pair (f,G), Define the G-equivariant Milnor number of F by
µ(F,G) := 2− 2jG +
s∑
i=1
(γ′i − 1).
By [34, Theorem 7.1] we have the following result:
Theorem 5.7 (E., Takahashi). Let f(x, y, z) be a non-degenerate invertible poly-
nomial such that f˜(x, y, z) is non-degenerate as well and let G0 ⊂ G ⊂ Gf . Then
we have
g(f,G) = jG˜, A(f,G) = Γ(f˜ ,G˜), est(C(f,G)) = µ(F,G˜),
where F is a polynomial of type Tγ′
1
,γ′
2
,γ′
3
with the Gabrielov numbers (γ′1, γ
′
2, γ
′
3)
for the pair (f˜ , {e}).
6. Orbifold E-functions
We now show that the mirror symmetry for Berglund-Hu¨bsch dual pairs also holds
on the level of suitably defined Hodge numbers. Therefore we discuss the notion of
an orbifold E-function for a polynomial with an isolated singularity at the origin.
Let f(x1, . . . , xn) be a polynomial with f(0) = 0 and with an isolated singu-
larity at 0. We regard the polynomial f as a holomorphic map f : V → C where
V is a suitably chosen neighbourhood of 0 ∈ Cn so that the fibration f has good
technical properties.
Consider the Milnor fibre Vf := {x ∈ V | f(x) = 1} of the fibration f : X → C.
J. H. M. Steenbrink [75] constructed a canonical mixed Hodge structure on the
vanishing cohomology Hn−1(Vf ,C) with an automorphism c given by the Milnor
monodromy.
We can naturally associate a bi-graded vector space to a mixed Hodge structure
with an automorphism. Consider the Jordan decomposition c = css · cunip of c
where css and cunip denote the semi-simple part and unipotent part respectively.
For λ ∈ C, let
Hn−1(Vf ,C)λ := Ker(css − λ · id : Hn−1(Vf ,C) −→ Hn−1(Vf ,C)). (3)
Denote by F • the Hodge filtration of the mixed Hodge structure.
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Definition 6.1. Define the Q×Q-graded vector space Hf :=
⊕
p,q∈Q
Hp,qf as
(1) If p+ q 6= n, then Hp,qf := 0.
(2) If p+ q = n and p ∈ Z, then
Hp,qf := GrpF•Hn−1(Vf ,C)1.
(3) If p+ q = n and p /∈ Z, then
Hp,qf := Gr[p]F•Hn−1(Vf ,C)e2pi√−1p ,
where [p] is the largest integer less than p.
Let G be a subgroup of the maximal group Gf of diagonal symmetries of f .
For g ∈ G, we denote by Fix g := {x ∈ Cn | g · x = x} the fixed locus of g, by
ng := dimFix g its dimension and by f
g := f |Fix g the restriction of f to the fixed
locus of g. Note that the function fg has an isolated singularity at the origin [35,
Proposition 5].
We shall use the fact that Hfg admits a natural G-action by restricting the
G-action on Cn to Fix g (which is well-defined since G acts diagonally on Cn).
To the pair (f,G) we can associate the following Q × Q-graded super vector
space:
Definition 6.2. Define the Q × Q-graded super vector space Hf,G := Hf,G,0¯ ⊕
Hf,G,1¯ as
Hf,G,0 :=
⊕
g∈G;
ng≡0 (mod 2)
(Hfg )G(−age(g),−age(g)), (4)
Hf,G,1 :=
⊕
g∈G;
ng≡1 (mod 2)
(Hfg )G(−age(g),−age(g)), (5)
where (Hfg )G denotes the G-invariant subspace of Hfg .
Definition 6.3 ([29]). The E-function for the pair (f,G) is
E(f,G)(t, t¯) =
∑
p,q∈Q
(
dimC(Hf,G,0¯)p,q − dimC(Hf,G,1¯)p,q
) · tp−n2 t¯q−n2 . (6)
In general, we may have both (Hf,G,0)p,q 6= 0 and (Hf,G,1)p,q 6= 0 for some p, q ∈
Q (see [29]). However we have the following proposition (see [29, Proposition 3]):
Proposition 6.4. Let f(x1, . . . , xn) be a non-degenerate invertible polynomial and
G a subgroup of Gf . Assume G ⊂ SL(n;C) or G ⊃ G0. If (Hf,G,i)p,q 6= 0, then
(Hf,G,i+1)p,q = 0 for all p, q ∈ Q and i ∈ Z/2Z.
Homological mirror symmetry for singularities 15
Definition 6.5. Let f(x1, . . . , xn) be a non-degenerate invertible polynomial and
G a subgroup of Gf . Assume G ⊂ SL(n;C) or G ⊃ G0. The Hodge numbers for
the pair (f,G) are
hp,q(f,G) := dimC(Hf,G,0)p,q + dimC(Hf,G,1)p,q, p, q ∈ Q.
Proposition 6.6. Let f(x1, . . . , xn) be a non-degenerate invertible polynomial and
G a subgroup of Gf . The E-function is given by
E(f,G)(t, t¯) :=


∑
p,q∈Q
(−1)p+qhp,q(f,G) · tp−n2 t¯q− n2 , if G ⊂ SLn(C),∑
p,q∈Q
(−1)−p+qhp,q(f,G) · tp− n2 t¯q− n2 , if G0 ⊂ G.
Therefore, in the case that f is a non-degenerate invertible polynomial and
G ⊂ SLn(C), the definition of the E-function for the pair (f,G) agrees with [34,
Definition 5.7]:
Definition 6.7. Let f(x1, . . . , xn) be a polynomial with an isolated singularity at
the origin invariant under a group G ⊂ SLn(C). The E-function of the pair (f,G)
is defined by
E(f,G)(t, t¯) :=
∑
p,q∈Q
(−1)p+qhp,q(f,G) · tp−n2 t¯q− n2 .
The E-function of the pair (f,G) is the generating function of the exponents
of the pair (f,G). An exponent of the pair (f,G) is a rational number q with
hp,q(f,G) 6= 0. The set of exponents of the pair (f,G) is the multi-set of exponents
{q ∗ hp,q(f,G) | p, q ∈ Q, hp,q(f,G) 6= 0} ,
where by u ∗ v we denote v copies of the rational number u. It is almost clear that
the mean of the set of exponents of (f,G) is n/2, namely, we have∑
p,q∈Q
(−1)−p+q
(
q − n
2
)
hp,q(f,G) = 0.
It is natural to ask what is the variance of the set of exponents of (f,G) defined
by
Var(f,G) :=
∑
p,q∈Q
(−1)−p+q
(
q − n
2
)2
hp,q(f,G).
In [35] we have proved:
Theorem 6.8 (E., Takahashi). Let f(x1, . . . , xn) be a non-degenerate weighted
homogeneous polynomial invariant under a group G ⊂ SLn(C). Then one has
Var(f,G) =
1
12
cˆ · χ(f,G),
where cˆ := n− 2∑ni=1 qi and χ(f,G) := E(f,G)(1, 1).
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We also define (see [34, Definition 5.3, Definition 5.10]):
Definition 6.9. Let f(x1, . . . , xn) be a polynomial with an isolated singularity at
the origin invariant under a group G ⊂ SLn(C). The characteristic polynomial of
the pair (f,G) is
φ(f,G)(t) :=
∏
q∈Q
(t− e[q])hp,q(f,G).
We have (see [34, Theorem 5.12]):
Theorem 6.10 (E., Takahashi). Let F (x1, x2, x3) = x
γ′1
1 +x
γ′2
2 +x
γ′3
3 −x1x2x3 and
G be a subgroup of GF . Then
φ(F,G)(t) = (t− 1)2−2jG
s∏
i=1
tγi − 1
t− 1 ,
where γ1, . . . , γs are the Gabrielov numbers defined in Sect. 5.
The characteristic polynomial φ(f,G)(t) agrees with the reduced orbifold zeta
function ζ
orb
f,G(t) defined in [27]. Its degree is the reduced orbifold Euler character-
istic χ(Vf , G) of (Vf , G) (see below).
From physical reasons [4], one expects that there is the following relation be-
tween the orbifold E-functions of dual pairs. This was proved in [29].
Theorem 6.11 (E., Gusein-Zade, Takahashi). Let f(x1, . . . , xn) be a non-degenera-
te invertible polynomial and G a subgroup of Gf . Then
E(f,G)(t, t¯) = (−1)nE(f˜ , G˜)(t−1, t¯).
Using Proposition 6.6, we can derive from this theorem the mirror symmetry
of dual pairs on the level of Hodge numbers:
Corollary 6.12. Let f(x1, . . . , xn) be a non-degenerate invertible polynomial and
G a subgroup of Gf ∩ SL(n;C). Then for all p, q ∈ Q, one has
hp,q(f,G) = hn−p,q(f˜ , G˜).
As another corollary, we get the main result of [27]:
Corollary 6.13. One has
ζ
orb
f˜ ,G˜(t) =
(
ζ
orb
f,G(t)
)(−1)n
.
From this we derive the main result of [26]:
Corollary 6.14. One has
χ(V
f˜
, G˜) = (−1)nχ(Vf , G) .
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Note that the latter two results were even proven without the assumption of
non-degeneracy.
We also obtain as a corollary from Theorem 6.8 and Theorem 6.11:
Corollary 6.15. Let f(x1, . . . , xn) be a non-degenerate invertible polynomial and
G a subgroup of Gf containing G0. Then one has
Var(f,G) =
1
12
cˆ · χ(f,G),
where cˆ := n− 2∑ni=1 qi and χ(f,G) := E(f,G)(1, 1).
7. Saito duality
In this section we consider a generalization of Saito’s duality (Theorem 2.1) to the
Berglund-Hu¨bsch duality.
For this we recall the notion of the Burnside ring of a finite group (see [55]).
Let G be a finite group. A G-set is a set with an action of the group G. A
G-set is irreducible if the action of G on it is transitive. Isomorphism classes
of irreducible G-sets are in one-to-one correspondence with conjugacy classes of
subgroups ofG: to the conjugacy class containing a subgroupH ⊂ G one associates
the isomorphism class [G/H ] of the G-set G/H .
Definition 7.1. The Burnside ring B(G) of G is the Grothendieck ring of finite
G-sets, i.e. it is the (abelian) group generated by the isomorphism classes of finite
G-sets modulo the relation [A ∐ B] = [A] + [B] for finite G-sets A and B. The
multiplication in B(G) is defined by the cartesian product.
As an abelian group, B(G) is freely generated by the isomorphism classes of
irreducible G-sets. The element 1 in the ring B(G) is represented by the G-set
consisting of one point (with the trivial G-action).
Let V be a “good” topological space, say, a union of cells in a finite CW -
complex or a quasi-projective complex or real analytic variety. Let G be a finite
group acting on V . For x ∈ V , denote by Gx the isotropy subgroup of x. For a
subgroup H ⊂ G let V H be the set of all fixed points of H . Denote by V (H) the
set of points of V with isotropy group H . Finally, let
V ([H]) :=
⋃
K∈[H]
V (K).
The equivariant Euler characteristic was defined in [84, 82].
Definition 7.2. The equivariant Euler characteristic of the G-space V is defined
by
χG(V ) :=
∑
[H]∈ConjsubG
χ(V ([H])/G)[G/H ] ∈ B(G),
where Conjsub G denotes the set of conjugacy classes of subgroups of G and χ(Z)
denotes the usual Euler characteristic of the topological space Z.
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There is also the notion of an orbifold Euler characteristic ([9, 10], see also [46]
and the references therein):
Definition 7.3. The orbifold Euler characteristic of the G-space V is defined by
χorb(V,G) =
1
|G|
∑
(g,h):gh=hg
χ(X〈g,h〉)
where 〈g, h〉 is the subgroup of G generated by g and h.
There is a map rorbG : B(G) → Z defined by sending a class [G/H ] to the
number χorb([G/H ], G). If G is abelian then χorb([G/H ], G) = |H |. We have
rorbG (χ
G(V )) = χorb(V,G).
Definition 7.4. • The reduced equivariant Euler characteristic of the G-space
V is
χG(V ) := χG(V )− 1.
• The reduced orbifold Euler characteristic of the G-space V is
χorb(V,G) = χ(V,G) − |G|.
We have
rorbG (χ
G(V )) = χorb(V,G).
For a group G let G∗ := Hom(G,C∗) be its group of characters.
Definition 7.5. Let G be abelian. The equivariant Saito duality between B(G)
and B(G∗) is the map
DG : B(G) → B(G∗)
[G/H ] 7→ [G∗/H˜]
In [25] it was proved:
Theorem 7.6 (E., Gusein-Zade). Let f(x1, . . . , xn) be an invertible polynomial.
Then one has
χGf˜ (V
f˜
) = (−1)nDGf (χGf (Vf ))
In the special case when the groups of diagonal symmetries of the dual polyno-
mials are cyclic and are generated by the monodromy transformations, this yields
the original Saito duality (Theorem 2.1). Moreover, it is shown in [25] that the
relation between “geometric roots” of the zeta functions for some Berglund-Hu¨bsch
dual invertible polynomials described in [24] is a special case of Theorem 7.6. One
can also derive Corollary 6.14 from this theorem.
In order to derive Corollary 6.13 from a similar result, we considered in [28] an
enhancement of the Burnside ring:
Definition 7.7. A finite enhanced G-set is a triple (X,h, α), where:
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1) X is a finite G-set;
2) h is a one-to-one G-equivariant map X → X ;
3) α associates to each point x ∈ X a one-dimensional (complex) representation
αx of the isotropy subgroup Gx = {a ∈ G : ax = a} of the point x so that:
(a) for a ∈ G one has αax(b) = αx(a−1ba), where b ∈ Gax = aGxa−1;
(b) αh(x)(b) = αx(b).
Definition 7.8. The enhanced Burnside ring B̂(G) is the Grothendieck group of
finite enhanced G-sets.
Let V be a complex manifold with a complex analytic action of a finite group G.
For a point x ∈ V we consider the one-dimensional representation αx : Gx → C∗
defined by αx(g) = e[age(g)]. Let ϕ : V → V be a G-equivariant map with
αϕ(x) = αx for all x ∈ V . In [28] we defined an enhanced Euler characteristic
χ̂G(V, ϕ) ∈ B̂(G) and a reduced enhanced Euler characteristic χ̂G(V, ϕ) of the pair
(V, ϕ).
Now let G again be abelian. Let B̂1(G) be the subgroup of B̂(G) generated by
the isomorphism classes of finite enhanced sets (X,h, α) such that h(x) ∈ Gx for
all x ∈ X . As an abelian group it is freely generated by the classes [G/H, h, α]
where
(1) h : G/H → G/H can be identified with an element h ∈ G/H ,
(2) α is a 1-dimensional representation of H .
The factor group G/H is canonically isomorphic to H˜∗ = Hom(H˜,C∗) and the
group of characters H∗ = Hom(H,C∗) is canonically isomorphic to G∗/H˜ . In this
way, the element h ∈ G/H defines a 1-dimensional representation h˜ : H˜ → C∗ and
the representation α : H → C∗ defines an element α˜ ∈ G∗/H˜.
Definition 7.9. The enhanced equivariant Saito duality between B̂1(G) and B̂1(G
∗)
is the map
D̂G : B̂1(G) → B̂1(G∗)
[G/H, h, α] 7→ [G∗/H˜, α˜, h˜]
In [28] we proved:
Theorem 7.10 (E., Gusein-Zade). Let f(x1, . . . , xn) be an invertible polynomial
and let hf : Vf → Vf and hf˜ : Vf˜ → Vf˜ be the monodromy transformations of f
and f˜ respectively. Then one has
χ̂
G
f˜ (V
f˜
, h
f˜
) = (−1)nD̂Gf (χ̂
Gf
(Vf , hf ))
It is shown in [28] that one can derive Corollary 6.13 from this theorem.
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8. Examples
We first consider Arnold’s classification of singularities [1].
We first have the simple singularities which are also called the ADE singulari-
ties. They are given by invertible polynomials f with af < 0. These polynomials
together with the corresponding Dolgachev and Gabrielov numbers are given in
[33, Table 5]. In Table 2 we indicate for each ADE singularity a non-degenerate
Name f(x, y, z) α1, α2, α3 γ1, γ2, γ3
Ak xy + y
kz + zx, k ≥ 1 k, 1, 1 1, 1, k
D2k+1 x
2 + xyk + yz2, k ≥ 2 2, 2, 2k− 1 2, 2, 2k − 1
D2k+2 x
2 + y2z + yzk+1, k ≥ 1 2, 2, 2k 2, 2, 2k
E6 x
3 + y2 + yz2 3, 2, 3 3, 2, 3
E7 x
2 + y3 + yz3 2, 3, 4 2, 3, 4
E8 x
2 + y3 + z5 2, 3, 5 2, 3, 5
Table 2. The ADE singularities
invertible polynomial f(x, y, z) with the correct Dolgachev and Gabrielov numbers.
The corresponding polynomials f are self-dual and the Dolgachev and Gabrielov
numbers of f coincide. Moreover, the surface singularity given by f = 0 has a
minimal resolution with an exceptional configuration E whose dual graph is given
by Fig. 3. Here E and Ei1, . . . , E
i
αi−1 for i = 1, 2, 3 are smooth rational curves
of self-intersection number −2 and α1, α2, α3 are the Dolgachev numbers of f . In
•
E21
· · · •
E2α2−1
•
✁✁
✁✁
✁✁
✁✁
E
•
E3α3−1
· · · •
E31
•
⑤⑤
⑤⑤
⑤⑤
⑤⑤ E1α1−1
· · ·
⑤⑤
⑤⑤
⑤⑤
⑤⑤
•
E11
Figure 3. The dual graph of E
this case this graph coincides with the Coxeter-Dynkin diagram corresponding to
a distinguished basis of vanishing cycles of this singularity. The graph is a classical
Coxeter-Dynkin diagram of a root system of type Aµ, Dµ, E6, E7 or E8. This is
the reason why these singularities are called the ADE singularities.
These singularities have many characterizations.
The ADE singularities are just the quotients of C2 by a finite subgroup Γ ⊂
SL(2;C). Let ρ0, ρ1, . . . , ρℓ be the equivalence classes of irreducible finite dimen-
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sional complex representations of Γ where ρ0 is the class of the trivial representa-
tion. J. McKay [62] has observed that if ρ : Γ→ SL(2;C) is the given 2-dimensional
representation of Γ then the (ℓ+ 1)× (ℓ+ 1)-matrix B = (bij), defined by decom-
posing the tensor products ρj ⊗ ρ =
⊕
i bijρi into irreducible components, satisfies
B = 2I−C where C is the affine Cartan matrix of the corresponding root system.
The Coxeter-Dynkin diagram corresponding to C is just the extended Coxeter-
Dynkin diagram of the corresponding root system. This is obtained by joining an
additional vertex (corresponding to the trivial representation ρ0) to the vertices
E and E31 in the case Aµ ((α1, α2, α3) = (1, 1, µ)), to E
3
2 in the case Dµ, E
1
1 in
the case E6, E
2
1 in the case E7 and E
3
1 in the case E8. It is shown in [19] that
the corresponding diagram can be transformed to a diagram of type Tα1,α2,α3 by
Gabrielov transformations (see Fig. 2).
G. Gonzalez-Sprinberg and J.-L. Verdier [45] and independently H. Kno¨rrer [54]
gave a geometric interpretation of the McKay correspondence by identifying the
Grothendieck group of the category of coherent sheaves on the minimal resolution
with the representation ring of Γ. M. Kapranov and E. Vasserot [50] extended these
results to the derived category of coherent sheaves on the minimal resolution, not
just the Grothendieck group.
Let Af be the coordinate ring of the weighted homogeneous polynomial f . It is
graded according to the weights of the variables. Let Pf (t) be the Poincare´ series
of the graded algebra Af . Let cf,− and cf,0 be the Coxeter element of the root
system and the affine root system associated to the singularity f and φf,−(t) and
φf,0(t) respectively the corresponding characteristic polynomial. The author has
proved [21]:
Theorem 8.1. For a simple singularity not of type A2k we have
Pf (t) =
φf,−(t)
φf,0(t)
.
R. Stekolshchik has generalized this theorem to the root systems with non
simply laced Coxeter-Dynkin diagrams [76, 77].
The minimal resolution of an ADE singularity can be compactified to a rational
surface Sf containing the exceptional configuration E . The author and D. Ploog
[30] have given the following geometric realization of the graph Tα1,α2,α3 .
Let Coh(Sf ) be the abelian category of coherent sheaves on Sf and K(Sf )
its Grothendieck K-group. There is a natural bilinear pairing on K(Sf ) given
by the Euler form χ(A,B) =
∑
i(−1)i dimExtiSf (A,B) for two coherent sheaves
A and B on Sf . Let N(Sf ) be the numerical K-group which is obtained from
K(Sf ) by dividing out the radical of the Euler form. Denote by CohE(Sf ) the
abelian subcategory of Coh(Sf ) consisting of sheaves whose support is contained
in E and let KE(Sf ) be its K-group. The curves E and Ei1, . . . , Eiαi−1 for i = 1, 2, 3
correspond to spherical objects in the category CohE(Sf ). (Recall that a coherent
sheaf F on Sf is called spherical if
ExtlSf (F, F ) =
{
C, l = 0 or l = 2
0 else
and F ⊗ ωSf ∼= F.)
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It follows from [30, Lemma 1] that the Euler pairing between the classes
[OE(−1)], [OE1
1
(−1)], . . . , [OE3α3−1(−1)], [OE] (7)
in N(Sf ) is encoded by the graph Tα1,α2,α3 (see Fig. 2) with the length of arms
being equal to the Dolgachev numbers α1, α2, α3 of f . Using this description, the
author and Ploog have given another proof of Theorem 8.1 [30].
In [48], H. Kajiura, K. Saito and A. Takahashi proved the existence of a
full strongly exceptional sequence in D
Lf
Sg (Rf ) for a polynomial f of ADE type.
D. Kussin, H. Lenzing and H. Meltzer [59] discuss relations of these categories with
weighted projective lines.
The unimodal singularities are the simple elliptic singularities E˜6, E˜7 and E˜8
given by polynomials of type T3,3,3, T2,4,4 and T2,3,6 respectively (where af = 0),
the singularities of type Tp,q,r with ∆(p, q, r) > 0 and the 14 exceptional unimodal
singularities (with af = 1). Invertible polynomials for the simple elliptic singular-
ities are given in [33, Table 6]. The singularities of type Tp,q,r with ∆(p, q, r) > 0
are not weighted homogeneous.
Now we come back to Arnold’s strange duality.
Let f(x, y, z) be one of the invertible polynomials of Table 1. Then af = 1
and a Coxeter-Dynkin diagram of f is given by the graph Sγ1,γ2,γ3 which is an
extension of the graph Tγ1,γ2,γ3 by one vertex in accordance with Conjecture 4.3.
Here γ1, γ2, γ3 are the Gabrielov numbers of f .
H. Pinkham [64] and I. V. Dolgachev and V. V. Nikulin [15] have shown that
the Milnor fibre Vf can be compactified in a weighted projective space P(x, y, z, w)
so that after minimal normal crossing resolution of singularities one obtains a K3-
surface Sf . In this way, Arnold’s strange duality can be considered as a special case
of the mirror symmetry of K3-surfaces (see [13]). One can use this K3-surface to
find a categorical realization of a Coxeter-Dynkin diagram of the dual singularity,
namely of the graph Sα1,α2,α3 , where α1, α2, α3 are the Dolgachev numbers of f .
This was obtained by the author and Ploog [30].
Namely, the K3-surface Sf carries an exceptional configuration E at ∞ whose
dual graph is given by Fig. 3. Here E and Ei1, . . . , E
i
αi−1 for i = 1, 2, 3 are again
smooth rational curves of self-intersection number −2 and α1, α2, α3 are the Dol-
gachev numbers of f . The same construction as above can be applied to the K3
surface Sf . Moreover, the structure sheaf OSf of the K3-surface Sf is also spheri-
cal. We consider in this case the classes
[OE(−1)], [OE1
1
(−1)], . . . , [OE3α3−1(−1)], [OE ], [OSf ] (8)
in N(Sf ). The Euler pairing between these classes is encoded by the graph
Sα1,α2,α3 (see Fig. 1) with the lengths of arms being equal to the Dolgachev num-
bers α1, α2, α3 of f .
Let cf,+ be the Coxeter element corresponding to this graph and φf,+(t) be its
characteristic polynomial. The author has shown [22]:
Theorem 8.2.
Pf (t) =
φf,+(t)
φf,0(t)
.
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More generally, this result was proved for so-called Fuchsian singularities. These
are normal surface singularities with a good C∗-action which are related to Fuch-
sian groups of the first kind. The hypersurface singularities among the Fuchsian
singularities are just given by invertible polynomials f with af = 1. In this case,
the orbifold curve C(f,G0) is of the form H/Γ where H is the upper half plane and
Γ is a Fuchsian group of the first kind. The genus g(f,G0) is called the genus of the
Fuchsian singularity. There are 31 such singularities [74, 85]. There are 22 such
singularities with genus g(f,G0) = 0. They include the 14 exceptional unimodal
singularities, the 6 heads of the bimodal series (see below) and two more.
A possible generalization of the McKay correspondence for Fuchsian groups of
genus 0 has been discussed by I. Dolgachev [14]. H. Lenzing and J. A. de la Pen˜a
[60] derived Theorem 8.2 for Fuchsian singularities of genus 0 from the represen-
tation theory of certain algebras related with weighted projective lines. In [30, 31]
the author and Ploog derive this result for smoothable Fuchsian singularities of
any genus from a generalization of the categorical approach indicated above.
In [30], the Coxeter elements were described as autoequivalences of triangulated
categories as follows. Denote by Db(Sf ) the bounded derived category of coherent
sheaves on Sf , and by Df,0 := DbE(Sf ) the subcategory consisting of complexes
whose support (of all homology sheaves) is contained in E . These are triangulated
categories and DbE(Sf ) is a 2-Calabi-Yau category. We also consider the smallest
full triangulated subcategory Df,+ of Db(Sf ) containing Df,0 and the structure
sheaf OSf of Sf . Then the classes (8) form a spherical collection in Df,+. A
spherical sheaf F determines a spherical twist TF : D
b(Sf )→ Db(Sf ) which is an
autoequivalence of the category [73]. Consider the autoequivalences
cf,0 := TOE(−1)TOE1
1
(−1) · · ·TOEr
αr−1
(−1)TOE ,
cf,+ := cf,0TOSf .
The autoequivalences cf,0 and cf,+ correspond to the Coxeter elements of the
graphs Tα1,α2,α3 and Sα1,α2,α3 respectively.
In [49], H. Kajiura, K. Saito and A. Takahashi proved the existence of a full
strongly exceptional sequence in D
Lf
Sg (Rf ) for a weighted homogeneous polynomial
f of with εf = −af = −1 and genus g(f,G0) = 0. This includes the case of
the 14 exceptional unimodal singularities. Lenzing and de la Pen˜a [60] proved
that the category D
Lf
Sg (Rf ) in this case is equivalent to the derived category of
finitely generated modules over the extended canonical algebra associated with the
weighted projective line C(f,Gf ). The relation between the categories DLfSg (Rf ) and
Df,+ for the 14 exceptional unimodal singularities was studied by M. Kobayashi,
M. Mase and K. Ueda in [56].
We now turn to the bimodal singularities. They are also classified by Arnold
[1]. They fall into the following 8 infinite series of singularities (for k ∈ Z)
J3,k, Z1,k, Q2,k,W1,k, S1,k, U1,k, k ≥ 0, and W ♯1,k, S♯1,k, k ≥ 1,
and the 14 exceptional singularities
E18, E19, E20, Z17, Z18, Z19, Q16, Q17, Q18,W17,W18, S16, S17, U16.
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One can find weighted homogeneous polynomials for the classes for k = 0 in the
series and for the 14 exceptional singularities. In each of these classes, one can
find a non-degenerate invertible polynomial f . These polynomials, their Berglund-
Hu¨bsch transposes and their Dolgachev numbersA(f,Gf ) = (α1, α2, α3) and Gabrie-
lov numbers Γ(f,{e}) = (γ1, γ2, γ3) are indicated in Table 3. Note that the dual
singularities are only bimodal for the self-dual cases, in the other cases other sin-
gularities are involved.
Name α1, α2, α3 f f˜ γ1, γ2, γ3 Dual
J3,0 2, 4, 6 x
6y + y3 + z2 x6 + xy3 + z2 2, 3, 10 Z13
Z1,0 2, 4, 8 x
5y + xy3 + z2 x5y + xy3 + z2 2, 4, 8 Z1,0
Q2,0 2, 4, 10 x
4y + y3 + xz2 x4z + xy3 + z2 3, 3, 7 Z17
W1,0 2, 6, 6 x
6 + y2 + yz2 x6 + y2z + z2 2, 6, 6 W1,0
S1,0 2, 6, 8 x
5 + xy2 + yz2 x5y + y2z + z2 3, 5, 5 W17
U1,0 3, 4, 6 x
3 + xy2 + yz3 x3y + y2z + z3 3, 4, 6 U1,0
E18 3, 3, 5 x
5z + y3 + z2 x5 + y3 + xz2 2, 3, 12 Q12
E19 2, 4, 7 x
7y + y3 + z2 x7 + xy3 + z2 2, 3, 12 Z1,0
E20 2, 3, 11 x
11 + y3 + z2 x11 + y3 + z2 2, 3, 11 E20
Z17 3, 3, 7 x
4z + xy3 + z2 x4y + y3 + xz2 2, 4, 10 Q2,0
Z18 2, 4, 10 x
6y + xy3 + z2 x6y + xy3 + z2 2, 4, 10 Z18
Z19 2, 3, 16 x
9 + xy3 + z2 x9y + y3 + z2 2, 4, 9 E25
Q16 3, 3, 9 x
4z + y3 + xz2 x4z + y3 + xz2 3, 3, 9 Q16
Q17 2, 4, 13 x
5y + y3 + xz2 x5z + xy3 + z2 3, 3, 9 Z2,0
Q18 2, 3, 21 x
8 + y3 + xz2 x8z + y3 + z2 3, 3, 8 E30
W17 3, 5, 5 x
5z + yz2 + y2 x5 + xz2 + y2z 2, 6, 8 S1,0
W18 2, 7, 7 x
7 + y2 + yz2 x7 + y2z + z2 2, 7, 7 W18
S16 3, 5, 7 x
4y + xz2 + y2z x4y + xz2 + y2z 3, 5, 7 S16
S17 2, 7, 10 x
6 + xy2 + yz2 x6y + y2z + z2 3, 6, 6 X2,0
U16 5, 5, 5 x
5 + y2z + yz2 x5 + y2z + yz2 5, 5, 5 U16
Table 3. Strange duality of the bimodal singularities
The Gorenstein parameter af takes the value 1 for the classes for k = 0 in the
series and it takes the values 2,3 and 5 for the exceptional bimodal singularities.
Coxeter-Dynkin diagrams with respect to distinguished bases of vanishing cycles
for the bimodal singularities have been computed in [17]. Each of these diagrams is
an extension of the corresponding graph Tγ1,γ2,γ3 by af vertices in accordance with
Conjecture 4.3. The author and Ploog [32] have given a geometric construction of
these Coxeter-Dynkin diagrams by a procedure as above using compactifications
of the Milnor fibres of the polynomials f˜ . (Note that there are some mistakes in
[32, Table 4], they are corrected in arXiv:1102.5024.) M. Mase and K. Ueda [61]
have shown that this result can also be derived from Conjecture 4.3 and they used
our construction to relate the Berglund-Hu¨bsch duality in this case to Batyrev’s
polar duality for the associated toric K3 surfaces.
We also mention some other examples given in [34]. Consider the invertible
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polynomial f(x, y, z) = x2 + xy3 + yz5. The canonical system of weights is Wf =
(15, 5, 5; 30), so cf = 5 and the reduced system of weights is W
red
f = (3, 1, 1; 6).
This is again a singularity with af = 1, but the genus of C(f,G0) is equal to two
and there are no isotropic points. The Dolgachev numbers of the pair (f,Gfinf ) are
(5, 5, 5) and GT0 is generated by the element (e[
1
5 ], e[
3
5 ], e[
1
5 ]). This group has two
elements of age 1. The singularity fT (x, y, z)− xyz is right equivalent to the cusp
singularity x5+ y5+ z5−xyz. We recover the example of Seidel [72]. Similarly, let
f(x, y, z) = x3y + y3z + z3x. Then again af = 1, the genus of C(f,G0) is equal to
three and there are no isotropic points. The group GT0 is generated by the element
(e[ 17 ], e[
2
7 ], e[
4
7 ]) and f
T (x, y, z) − xyz is right equivalent to the cusp singularity
x7 + y7 + z7 − xyz.
More generally, let g be an integer with g ≥ 2 and consider the invertible
polynomial f(x, y, z) = x2g+1+y2g+1+z2g+1 together with the group G generated
by (e[ 12g+1 ], e[
1
2g+1 ], e[
2g−1
2g+1 ]). Then the genus of the curve C(f,G) is equal to g and
we recover the examples of A. Efimov [39].
9. Complete intersection singularities as mirrors
We shall now derive the extension of Arnold’s strange duality discovered by the
author and C. T. C. Wall from the mirror symmetry and the Berglund-Hu¨bsch
transposition of invertible polynomials. This is the contents of the paper [37].
The invertible polynomials f(x, y, z) given in Table 3 for the singularities J3,0,
Z1,0, Q2,0, W1,0, S1,0 and U1,0, which are the heads of the bimodal series, sat-
isfy [Gf : G0] = 2. There corresponds an action of G˜0 = Z/2Z on the trans-
pose polynomial f˜ . We choose the coordinates such that this action is given by
(x, y, z) 7→ (−x,−y, z). The Dolgachev numbers of the pairs (f,G0) are given
in Table 4 (see also [34, Table 4]). Moreover, there is a one-parameter family
F (depending on a complex parameter a) of weighted homogeneous polynomials
defining these singularities, it is also indicated in Table 4. It is natural from the
mirror symmetry view point to expect that adding one monomial to an invertible
polynomial is dual to having another C∗-action on the dual polynomial. This will
be elaborated in the sequel.
Name F A(f,G0)
J3,0 x
3 + xy6 + z2 + ax2y3, a 6= ±2 2, 2, 2, 3
Z1,0 x
5y + xy3 + z2 + ax2y3, a 6= ±2 2, 2, 2, 4
Q2,0 x
3 + xy4 + yz2 + ax2y2, a 6= ±2 2, 2, 2, 5
W1,0 x
6 + y2 + yz2 + ax3y, a 6= ±2 2, 2, 3, 3
S1,0 x
5 + xy2 + yz2 + ax3y, a 6= ±2 2, 2, 3, 4
U1,0 x
3 + xy2 + yz3 + ax2y, a 6= ±2 2, 3, 3, 3
Table 4. Heads (k = 0) of bimodal series
The non-degenerate invertible polynomials f(x, y, z) with [Gf : G0] = 2 are
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classified in [37, Proposition 5]. There are 5 possible types each depending on
parameters p1, p2, p3 or p1, q2, q3 subject to certain conditions.
Let L0 be the quotient of Lf corresponding to the subgroup Ĝ0 of Ĝf (cf.
Sect 3). We consider 4× 3-matrices E = (Eij)i=1,2,3,4j=1,2,3 such that
Z~x ⊕ Z~y ⊕ Z~z ⊕ Z~f/〈Ei1~x+ Ei2~y + Ei3~z = ~f, i = 1, . . . , 4〉 ∼= L0
and C(F,G0) := [(F−1(0) \ {0})/Ĝ0], where F :=
∑4
i=1 aix
Ei1yEi2zEi3 , is a smooth
projective line with 4 isotropic points whose orders are α1, α2, α3, α4, where
A(f,G0) = (α1, α2, α3, α4) are the Dolgachev numbers of the pair (f,G0) defined
above, for general a1, a2, a3, a4. These matrices are classified in [37, Proposition 2].
We associate to these matrices a pair of polynomials as follows. We observe
that the kernel of the matrix ET is either generated by the vector (1, 1, 0,−2)T or
by the vector (1, 1,−1,−1)T . Let R := C[x, y, z, w]. In the first case, there exists
a Z-graded structure on R given by the C∗-action
λ ∗ (x, y, z, w) = (λx, λy, z, λ−2w) for λ ∈ C∗.
In the second case, there exists a Z-graded structure on R given by the C∗-action
λ ∗ (x, y, z, w) = (λx, λy, λ−1z, λ−1w) for λ ∈ C∗.
Let R =
⊕
i∈ZRi be the decomposition of R according to one of these Z-gradings.
Let ET be the transposed matrix. We associate to this the polynomial
f˜(x, y, z, w) := xE11yE21zE31wE41 + xE12yE22zE32wE42 + xE13yE23zE33wE43 .
In the first case, we have f˜ ∈ R0 = C[x2w, y2w, z, xyw]. Let
X := x2w, Y := y2w, Z := z, W := xyw.
In these new coordinates, we obtain a pair of polynomials
f˜1(X,Y, Z,W ) = XY −W 2, f˜2(X,Y, Z,W ) = f˜(X,Y, Z,W ).
In the second case, we have f˜ ∈ R0 = C[xw, yz, xz, yw]. Let
X := xw, Y := yz, Z := xz W := yw.
In these new coordinates, we obtain a pair of polynomials
f˜1(X,Y, Z,W ) = XY − ZW, f˜2(X,Y, Z,W ) = f˜(X,Y, Z,W ).
Now we choose for each of the matrices E special values a1, a2, a3, a4 such
that the corresponding polynomial F has a non-isolated singularity. We denote
this polynomial by f . In two cases, we already have additional conditions on the
parameters. In the remaining cases, we consider conditions on the parameters
p1, p2, p3 (p1, q2, q3) such that the polynomial f(x, y, z) is of the form
f(x, y, z) = u(x, y, z) + v(x, y, z)(x − ye)2
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or
f(x, y, z) = u(x, y, z) + v(x, y, z)(y − xe)2
for some monomials u(x, y, z) and v(x, y, z) and some integer e ≥ 2. We consider
the cusp singularity f(x, y, z)−xyz and perform the coordinate change x 7→ x+ ye
or y 7→ y+xe respectively. Then f(x, y, z)−xyz is transformed to h(x, y, z)−xyz.
Some of the new polynomials h have 4 monomials and others only 3. We restrict
our consideration to the cases where the polynomial h has 4 monomials. The
singularities defined by the polynomials h(x, y, z) will be called virtual singularities.
We summarize our duality in Table 5.
Type h (f˜1, f˜2)
IIA
p2 = 3
−y p36 +1z + zp1 + x3 + x2y p36
{
XY −W 2
XW + Y
p3
6 + Zp1
}
IIB
p2 = 2
−x p12 +1z + y2 + yz p32 + x p12 z p32
{
XY −W 2
X
p1
2 + Y Z + Z
p3
2
}
IIB♯
p2 = 2
−x p12 +1z + y2 + yz p32 + x p12 y
{
XY − ZW
X
p1
2 + YW + Z
p3
2
}
III
q2 = 2
−y q32 +1z + zp1 + x3y + x2y q32 +1
{
XY −W 2
(X + Y
q3
2 )W + Zp1
}
IV1
p1 = 3
−y p26 +1z + x3 + yz
p3
p2 + x2y
p2
6
{
XY −W 2
XW + Y
p2
6 Z + Z
p3
p2
}
IV2
p2
p1
= 2
−x p1+12 z + xy2 + yz
p3
p2 + x
p1−1
2 z
p3
p2
{
XY −W 2
X
p1−1
2 W + Y Z + Z
p3
p2
}
IV♯2
p2
p1
= 2
−x p1+12 z + xy2 + yz
p3
p2 + x
p1+1
2 y
{
XY − ZW
X
p1−1
2 W + YW + Z
p3
p2
}
Table 5. Duality between virtual singularities and complete intersection singularities
One can associate Dolgachev and Gabrielov numbers to the virtual singularities
and the pairs (f˜1, f˜2) in an analogous way as above, see [37, Sect. 4]. Here the
Gabrielov numbers of the virtual singularities and the Dolgachev numbers of the
pairs (f˜1, f˜2) are triples, but the Dolgachev numbers of the virtual singularities and
the Gabrielov numbers of the pairs (f˜1, f˜2) are quadruples of numbers which are
divided into two pairs in a natural way. One obtains the following theorem [37,
Theorem 4]:
Theorem 9.1 (E., Takahashi). The Gabrielov numbers of the polynomial h corre-
sponding to a virtual singularity coincide with the Dolgachev numbers of the dual
pair (f˜1, f˜2) and, vice versa, the Gabrielov numbers of a pair (f˜1, f˜2) coincide with
the Dolgachev numbers of the dual polynomial h.
There is also an extension of Saito’s duality to this duality, see [37, Corollary 6].
Now we consider again the cases with small Gorenstein parameter af : For the
case af < 0 see [37, Table 8]. There are no non-degenerate invertible polynomials
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with [Gf : G0] = 2 and af = 0. Next consider the case af = 1. It turns out
that the virtual singularities in this case are exactly the virtual singularities corre-
sponding to the bimodal series. Namely, by setting k = −1 in Arnold’s equations
one obtains polynomials which are similar to our polynomials h for certain types
and parameters p1, p2, p3 or p1, q2, q3 respectively. These types and parameters are
listed in Table 6 together with the corresponding Dolgachev and Gabrielov num-
bers of h and the corresponding dual pairs (f˜1, f˜2) defining an isolated complete
intersection singularity (ICIS).
Name Type Dol(h) Gab(h) Dol(f˜1, f˜2) Gab(f˜1, f˜2) Dual
J3,−1 IIA, 2, 3, 18 2, 2; 2, 3 2, 3, 10 2, 3, 10 2, 2; 2, 3 J
′
9
Z1,−1 III, 2, 2, 4 2, 2; 2, 4 2, 4, 8 2, 4, 8 2, 2; 2, 4 J
′
10
Q2,−1 IV1, 3, 12, 24 2, 2; 2, 5 3, 3, 7 3, 3, 7 2, 2; 2, 5 J
′
11
W1,−1 IIB, 6, 2, 4 2, 2; 3, 3 2, 6, 6 2, 6, 6 2, 2; 3, 3 K
′
10
W ♯1,−1 IIB
♯, 6, 2, 4 2, 3; 2, 3 2, 5, 7 2, 5, 7 2, 3; 2, 3 L10
S1,−1 IV2, 5, 10, 20 2, 2; 3, 4 3, 5, 5 3, 5, 5 2, 2; 3, 4 K
′
11
S♯1,−1 IV
♯
2, 5, 10, 20 2, 3; 2, 4 3, 4, 6 3, 4, 6 2, 3; 2, 4 L11
U1,−1 IV
♯
2, 3, 6, 18 2, 3; 3, 3 4, 4, 5 4, 4, 5 2, 3; 3, 3 M11
Table 6. Strange duality between virtual bimodal singularities and ICIS
Let h(x, y, z) = 0 be the equation for one of the virtual bimodal singularities.
It turns out that h has besides the origin an additional critical point which is of
type A1. One can find a Coxeter-Dynkin diagram with respect to a distinguished
basis of vanishing cycles corresponding to all the critical points of the form Sγ1,γ2,γ3
where γ1, γ2, γ3 are the Gabrielov numbers of h.
To a graph of type Sγ1,γ2,γ3 , there corresponds an extended canonical algebra
in the sense of [60]. The 14 cases of the exceptional unimodal singularities (see
Table 1) and the 8 cases of Table 6 correspond to those extended canonical algebras
where the number t of weights is equal to 3 and the Coxeter element is semi-simple
and has only roots of unity as eigenvalues (cf. [18, Theorem 3.4.3 and Table 3.4.2]
and [60, Table 2]).
10. Ackowledgements
I would like to thank the referee for useful comments.
11. References
[1] V. I. Arnold, Critical points of smooth functions and their normal forms. Usp. Math.
Nauk. 30:5 (1975), 3–65 (Engl. translation in Russ. Math. Surv. 30:5 (1975), 1–75).
[2] H. Asashiba, A generalization of Gabriel’s Galois covering functors and derived equiv-
alences. J. Algebra 334 (2011), 109–149.
Homological mirror symmetry for singularities 29
[3] D. Auroux, L. Katzarkov and D. Orlov, Mirror symmetry for weighted projective
planes and their noncommutative deformations. Ann. of Math. (2) 167 (2008), 867–
943.
[4] P. Berglund and M. Henningson, Landau-Ginzburg orbifolds, mirror symmetry and
the elliptic genus. Nuclear Physics B 433 (1995), 311–332.
[5] P. Berglund and T. Hu¨bsch, A generalized construction of mirror manifolds. Nuclear
Physics B 393 (1993), 377–391.
[6] E. Brieskorn, Die Monodromie der isolierten Singularita¨ten von Hyperfla¨chen.
Manuscripta math. 2 (1970), 103–161.
[7] R. O. Buchweitz, Maximal Cohen-Macaulay modules and Tate cohomology over
Gorenstein rings. Unpublished manuscript, Hannover, 1987, DOI 10.1.1.469.9816.
[8] C. Cibils and E. Marcos, Skew category, Galois covering and smash product of a
k-category. Proc. Amer. Math. Soc. 134 (2006), 39–50.
[9] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, Strings on orbifolds. Nuclear Physics
B 261 (1985), 678–686.
[10] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, Strings on orbifolds II. Nuclear
Physics B 274 (1986), 285–314.
[11] I. V. Dolgachev, Quotient-conical singularities on complex surfaces. Funkcional.
Anal. i Prilozen. 8:2 (1974), 75–76 (Engl. translation in Funct. Anal. Appl. 8 (1974),
160–161).
[12] I. V. Dolgachev, Automorphic forms and weighted homogeneous singularities.
Funkcional. Anal. i Prilozen. 9:2 (1975), 67–68 (Engl. translation in Funct. Anal.
Appl. 9 (1975), 149–151).
[13] I. V. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces. J. Math. Sci. 81
(1996), 2599–2630.
[14] I. V. Dolgachev, McKay’s correspondence for cocompact discrete subgroups of
SU(1, 1). In: Groups and symmetries, CRM Proc. Lecture Notes, 47, Amer. Math.
Soc., Providence, RI, 2009. 111–133.
[15] I. V. Dolgachev and V. V. Nikulin, Exceptional singularities of V. I. Arnold and K3
surfaces. In: Proc. USSR Topological Conference in Minsk, 1977.
[16] W. Ebeling, Quadratische Formen und Monodromiegruppen von Singularita¨ten.
Math. Ann. 255 (1981), 463–498.
[17] W. Ebeling, Milnor lattices and geometric bases of some special singularities. In:
Nœuds, tresses et singularite´s (Ed. C.Weber), Monographie Enseign. Math. 31,
Gene`ve, 1983, 129–146 and Enseign. Math. (2) 29 (1983), 263–280.
[18] W. Ebeling, The Monodromy Groups of Isolated Singularities of Complete Intersec-
tions. Lect. Notes in Math., Vol. 1293, Springer-Verlag, Berlin etc., 1987.
[19] W. Ebeling, On Coxeter-Dynkin diagrams of hypersurface singularities. J. Math.
Sciences 82 (1996), 3657–3664.
[20] W. Ebeling, Strange duality, mirror symmetry, and the Leech lattice. In: Singularity
theory (Liverpool, 1996), London Math. Soc. Lecture Note Ser. 263, Cambridge Univ.
Press, Cambridge, 1999, 55–77.
[21] W. Ebeling, Poincare´ series and monodromy of a two-dimensional quasihomogeneous
hypersurface singularity. Manuscripta math. 107 (2002), 271–282.
30 Wolfgang Ebeling
[22] W. Ebeling, The Poincare´ series of some special quasihomogeneous surface singular-
ities. Publ. Res. Inst. Math. Sci 39 (2003), 393–413.
[23] W. Ebeling, Functions of several complex variables and their singularities. Graduate
Studies in Math. Vol. 83, American Mathematical Society, Providence R. I., 2007.
[24] W. Ebeling and S. M. Gusein-Zade, Monodromy of dual invertible polynomials.
Mosc. Math. J. 11 (2011), 463–472.
[25] W. Ebeling and S. M. Gusein-Zade, Saito duality between Burnside rings for invert-
ible polynomials. Bull. Lond. Math. Soc. 44 (2012), 814–822.
[26] W. Ebeling and S. M. Gusein-Zade, Orbifold Euler characteristics for dual invertible
polynomials. Mosc. Math. J. 12 (2012), , 49–54.
[27] W. Ebeling and S. M. Gusein-Zade, Orbifold zeta functions for dual invertible poly-
nomials. Preprint, arXiv:1407.0154, to appear in Proc. Edinb. Math. Soc. (2).
[28] W. Ebeling and S. M. Gusein-Zade, Enhanced equivariant Saito duality. Preprint,
arXiv:1506.05604.
[29] W. Ebeling, S. M. Gusein-Zade and A. Takahashi, Orbifold E-functions of dual
invertible polynomials. Preprint, arXiv:1509.04101.
[30] W. Ebeling and D. Ploog, McKay correspondence for the Poincare´ series of Kleinian
and Fuchsian singularities. Math. Ann. 347 (2010), 689–702.
[31] W. Ebeling and D. Ploog, Poincare´ series and Coxeter functors for Fuchsian singu-
larities. Adv. Math. 225 (2010), 1387–1398.
[32] W. Ebeling and D. Ploog, A geometric construction of Coxeter-Dynkin diagrams of
bimodal singularities. Manuscripta Math. 140 (2013), 195–212.
[33] W. Ebeling and A. Takahashi, Strange duality of weighted homogeneous polynomials.
Compos. Math. 147 (2011), 1413–1433.
[34] W. Ebeling and A. Takahashi, Mirror symmetry between orbifold curves and cusp
singularities with group action. Int. Math. Res. Not. IMRN 2013, 2240–2270.
[35] W. Ebeling and A. Takahashi, Variance of the exponents of orbifold Landau-
Ginzburg models. Math. Res. Lett. 20 (2013), 51–65.
[36] W. Ebeling and A. Takahashi, A geometric definition of Gabrielov numbers. Rev.
Mat. Complut. 27 (2014), 447–460.
[37] W. Ebeling and A. Takahashi, Strange duality between hypersurface and complete
intersection singularities. Preprint, arXiv:1508.02226.
[38] W. Ebeling and C. T. C. Wall, Kodaira singularities and an extension of Arnold’s
strange duality. Compositio Math. 56 (1985), 3–77.
[39] A. I. Efimov, Homological mirror symmetry for curves of higher genus. Adv. Math.
230 (2012), 493–530.
[40] M. Futaki and K. Ueda, Homological mirror symmetry for Brieskorn-Pham singu-
larities. Selecta Math. (N.S.) 17 (2011), 435–452.
[41] M. Futaki and K. Ueda, Homological mirror symmetry for singularities of type D.
Math. Z. 273 (2013), 633–652.
[42] A. M. Gabrielov, Intersection matrices for certain singularities. Funkcional. Anal. i
Prilozen. 7 (1973), 18–32. (Engl. translation in Funct. Anal. Appl. 7 (1973), 182–193).
Homological mirror symmetry for singularities 31
[43] A. M. Gabrielov, Dynkin diagrams of unimodal singularities. Funkcional. Anal. i
Prilozen. 8:3 (1974), 1–6 (Engl. translation in Funct. Anal. Appl. 8 (1974), 192–196).
[44] W. Geigle and H. Lenzing, A class of weighted projective curves arising in representa-
tion theory of finite-dimensional algebras. In: Singularities, representation of algebras,
and vector bundles (Lambrecht, 1985), Lecture Notes in Math. Vol. 1273, Springer,
Berlin, 1987, 265–297.
[45] G. Gonzalez-Sprinberg and J.-L. Verdier, Construction ge´ome´trique de la correspon-
dance de McKay. Ann. Sci. E´cole Norm. Sup. (4) 16 (1984), 409–449.
[46] F. Hirzebruch and Th. Ho¨fer, On the Euler number of an orbifold. Math. Ann. 286
(1990), 255–260.
[47] Y. Ito and M. Reid, The McKay correspondence for finite subgroups of SL(3,C).
In: Higher-dimensional complex varieties (Trento, 1994), de Gruyter, Berlin 1996,
221–240.
[48] H. Kajiura, K. Saito and A. Takahashi, Matrix factorisations and representations of
quivers II: type ADE case. Adv. in Math. 211 (2007), 327–362.
[49] H. Kajiura, K. Saito and A. Takahashi, Triangulated categories of matrix factoriza-
tions for regular systems of weights with ε = −1. Adv. Math. 220 (2009), 1602–1654.
[50] M. Kapranov and E. Vasserot, Kleinian singularities, derived categories and Hall
algebras. Math. Ann. 316 (2000), 565–576.
[51] A. Keating, Lagrangian tori in four-dimensional Milnor fibres. Preprint,
arXiv:1405.0744.
[52] B. Keller, On triangulated orbit categories. Documenta Math. 10 (2005), 551–581.
[53] B. Keller and D. Yang, Derived equivalences from mutations of quivers with poten-
tial. Adv. Math. 226 (2011), 2118–2168.
[54] H. Kno¨rrer, Group representations and the resolution of rational double points. In:
Finite groups — Coming of Age, Proceedings, Montreal 1982 (J. McKay, ed.), Con-
temporary Mathematics, Vol. 45, Am. Math. Soc., Providence 1985, 175–222.
[55] D. Knutson, λ-rings and the representation theory of the symmetric group. Lecture
Notes in Mathematics, Vol. 308, Springer-Verlag, Berlin-New York, 1973.
[56] M. Kobayashi, M. Mase and K. Ueda, A note on exceptional unimodal singularities
and K3 surfaces. Int. Math. Res. Not. IMRN 2013, 1665–1690.
[57] M. Kontsevich, Homological algebra of mirror symmetry. In: Proceedings of the ICM
(Zu¨rich, 1994), Birkha¨user, Basel, 1995, 120–139.
[58] M. Krawitz, FJRW-Rings and Landau-Ginzburg mirror symmetry. Preprint, arXiv:
0906.0796.
[59] D. Kussin, H. Lenzing and H. Meltzer, Triangle singularities, ADE-chains, and
weighted projective lines. Adv. Math. 237 (2013), 194–251.
[60] H. Lenzing and J. A. de la Pen˜a, Extended canonical algebras and Fuchsian singu-
larities. Math. Z. 268 (2011), 143–167.
[61] M. Mase and K. Ueda, A note on bimodal singularities and mirror symmetry.
Manuscripta Math. 146 (2015), 153–177.
[62] J. McKay, Graphs, singularities, and finite groups. Proc. Symp. Pure Math. Vol. 37
(1980), 183–186.
32 Wolfgang Ebeling
[63] D. Orlov, Derived categories of coherent sheaves and triangulated categories of sin-
gularities. In: Algebra, arithmetic, and geometry: in honor of Yu. I. Manin, Vol. II,
Progr. Math. 270, Birkha¨user Boston, Inc., Boston, MA, 2009, 503–531.
[64] H. Pinkham: Singularite´s exceptionelles, la dualite´ e´trange d’Arnold et les surfaces
K-3. C. R. Acad. Sci. Paris Se´r. A-B 284 (1977), 615–618.
[65] K. Saito, Duality for regular systems of weights: a pre´cis. In: Topological Field The-
ory, Primitive Forms and Related Topics (M. Kashiwara, A. Matsuo, K. Saito, I. Sa-
take, eds.), Progress in Math., Vol. 160, Birkha¨user, Boston Basel Berlin, 1998, 379–
426.
[66] K. Saito, Duality for regular systems of weights. Asian J. Math. 2 (1998), 983–1047.
[67] K. Saito, Towards a categorical construction of Lie algebras. In: Algebraic geometry
in East Asia - Hanoi 2005, Adv. Stud. Pure Math., 50, Math. Soc. Japan, Tokyo,
2008, 101–175.
[68] P. Seidel, Vanishing cycles and mutation. In: European Congress of Mathematics,
Vol. II (Barcelona, 2000), Progr. Math., Vol. 202, Birkha¨user, Basel, 2001, 65–85.
[69] P. Seidel, More about vanishing cycles and mutation. In: Symplectic geometry and
mirror symmetry (Seoul, 2000), World Sci. Publ., River Edge, NJ, 2001, 429–465.
[70] P. Seidel, Fukaya categories and Picard-Lefschetz theory. Zu¨rich Lectures in Ad-
vanced Math., EMS, Zu¨rich, 2008.
[71] P. Seidel, Suspending Lefschetz fibrations, with an application to local mirror sym-
metry. Comm. Math. Phys. 297 (2010), 515–528.
[72] P. Seidel, Homological mirror symmetry for the genus two curve. J. Algebraic Geom.
20 (2011), 727–769.
[73] P. Seidel and R. Thomas, Braid group actions on derived categories of coherent
sheaves. Duke Math. J. 108 (2001), 37–108.
[74] I. G. Sˇcˇerbak, Algebras of automorphic forms with three generators. (Russian)
Funkcional. Anal. i Prilozˇen. 12:2 (1978), 93–94 (Engl. translation in Funct. Anal.
Appl. 12 (1978), 156–158).
[75] J. H. M. Steenbrink, Mixed Hodge structure on the vanishing cohomology. In: Real
and complex singularities, Proc. Ninth Nordic Summer School (Oslo, 1976), Sijthoff
and Noordhoff, Alphen aan den Rijn, 1977, 525–563.
[76] R. Stekolshchik, Kostant’s generating functions, Ebeling’s theorem and McKay’s
observation relating the Poincare´ series. Preprint, arXiv:math/0608500.
[77] R. Stekolshchik, Notes on Coxeter transformations and the McKay correspondence.
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2008.
[78] D. van Straten, Mirror symmetry for P1-orbifolds, unpublished paper based on talks
given in Trieste, Marienthal and Go¨teborg in September 2002.
[79] A. Takahashi, HMS for isolated hypersurface singularities. Talk at the
“Workshop on Homological Mirror Symmetry and Related Topics” Jan-
uary 19-24, 2009, University of Miami, the PDF file available from
http://www-math.mit.edu/˜auroux/frg/miami09-notes/ .
[80] A. Takahashi, Weighted projective lines associated to regular systems of weights of
dual type. Adv. Stud. Pure Math. 59 (2010), 371–388.
Homological mirror symmetry for singularities 33
[81] A. Takahashi, Mirror symmetry between orbifold projective lines and cusp singu-
larities. In: Singularities in geometry and topology 2011, Advanced Studies of Pure
Mathematics 66, 2015, 257–282.
[82] T. tom Dieck, Transformation groups and representation theory. Lecture Notes in
Mathematics, 766, Springer, Berlin, 1979.
[83] K. Ueda, Homological mirror symmetry and simple elliptic singularities. Preprint,
arXiv:math.AG/0604361.
[84] J.-L. Verdier, Caracte´ristique d’Euler-Poincare´. Bull. Soc. Math. France 101 (1973),
441–445 (1973).
[85] P. Wagreich, Algebras of automorphic forms with few generators. Trans. Amer.
Math. Soc. 262 (1980), 367–389.
Wolfgang Ebeling, Institut fu¨r Algebraische Geometrie, Leibniz Universita¨t Hannover,
Postfach 6009, D-30060 Hannover, Germany
E-mail: ebeling@math.uni-hannover.de
